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There are many problems i n which an electrom a g n e t i c f i e l d is known ( o r assumed known) on one s u r f a c e , and i t i s d e s i r e d t o d e t e r m i n e t h e f i e l d elsewhere.
There are two t e c h n i q u e s f o r accomp l i s h i n g t h e t r a n s f o r m a t i o n of f i e l d data from o n e s u r f a c e t o a n o t h e r : ( 1 ) r e p r e s e n t i n g t h e
f i e l d a t a n a r b i t r a r y p o i n t a s a n i n t e g r a l o v e r t h e s u r f a c e o n w h i c h t h e f i e l d s are known, o r ( 2 ) r e p r e s e n t i n g t h e f i e l d a s a summation of free-space "modes" where the mode c o e f f i c i e n t s are d e t e r m i n e d b y m a t c h i n g t h e f i e l d s on t h e s u r f a c e on which the f i e l d s are known. I n t h e latter c a s e , t h e modes may be plane waves, c
y l i n d r i c a l w a v e s , s p h e r i c a l w a v e s , o r any o t h e r s e t of f u n c t i o n s which form a b a s i s f o r wave s o l u t i o n s t o M a x w e l l ' s e q u a t i o n s . I n b o t h of t h e s e methods i t i s a l s o p o s s i b l e t o i n c l u d e s o u r c e s ; a source-free region
is u s u a l l y assumed because i t eliminates unnecessary complications.
The type of s p h e r i c a l wave which i s discussed i n t h i s p a p e r i s that which i s a formal, rigorous v e c t o r s o l u t i o n t o t h e v e c t o r wave e q u a t i o n i n s p h e r i c a l c o o r d i n a t e s .
The o r i g i n a l and s t i l l b e s t d i s c u s s i o n o f t h i s t y p e of modal s o l u t i o n t o Maxwell's equations i s t h a t due t o S t r a t t o n [ l ] .
The modal s o l u t i o n e x p r e s s e s a n a r b i t r a r y e l e c t r o m a g n e t i c f i e l d as a d o u b l y -i n f i n i t e sum of v e c t o r modes or waves, each of which is defined by two i n d i c e s , o n e f o r a z i m u t h a l a n g l e dependence and one for polar angle dependence (m and n, r e s p e c t i v e l y ) . F o r any given wave, the azimuthal f i e l d dependences are s i n u s o i d a l l y r e l a t e d t o t h e product of m and t h e a z i m u t h a l a n g l e $.
The p o l a r f i e l d d e p e n d e n c e s a r e r e l a t e d t o t h e a s s oc i a t e d L e g e n d r e p o l y n o m i a l o f t h e f i r s t k i n d , PZ(cos0) where B i s t h e p o l a r a n g l e .
The r a d i a l dependence i s r e l a t e d t o t h e s p h e r i c a l ( f r a c t i o n a l o r d e r ) Bessel f u n c t i o n [ l ] , Z n ( k p ) , where kp is t h e r a d i u s i n r a d i a n s .
The power of t h e s p h e r i c a l wave t e c h n i q u e f o r s o l u t i o n of engineering problems arises from two c o n s i d e r a t i o n s : (1) s p h e r i c a l waves have sharp and well-understood c u t o f f p r o p e r t i e s w h i c h a l l o w p r e c i s i o n c a l c u l ations to be performed with truncated summations, a n d ( 2 ) t h e a s s o c i a t e d m a t h e m a t i c a l f u n c t i o n s a r e w e l l understood and are r e a d i l y e v a l u a t e d on a d i g i t a l computer.
With one exception (analytic continuation) a l l o f t h e s p h e r i c a l wave a p p l i c a t i o n s d i s c u s s e d i n t h i s p a p e r i n v o l v e u s e o f t h e outwardt r a v e l l i n g wave type of Bessel f u n c t i o n h i 2 ) (kp) , t h e s p h e r i c a l H a n k e l f u n c t i o n of the second kind. A p h y s i c a l i n t e r p r e t a t i o n of s p h e r i c a l waves has been previously published [2] .
The behavior of t h e waves as a f u n c t i o n o f r a d i u s i s determined by t h e b e h a v i o r o f t h e s p h e r i c a l H a n k e l f u n c t i o n ; t h r e e r e g i o n s may b e d i s t i n g u i s h e d , as follows. F a r -f i e l d r e g i o n ,
F r e s n e l r e g i o n , n 2 l c~ 2 n2
Near-field region, 0 < kp 2 n I n t h e f a r -f i e l d r e g i o n , a l l of t h e s p h e r i c a l waves suffer inverse-distance amplitude decay and a l l r e m a i n e s s e n t i a l l y i n phase synchronism.
In t h e F r e s n e l r e g i o n , t h e w a v e s h a v e e s s e n t i a l l y t h i s same amplitude dependence, but do not maint a i n p h a s e s y n c h r o n i s m . I n t h e n e a r f i e l d , t h e waves behave nonsimply i n b o t h a m p l i t u d e a n d p h a s e . I n p r a c t i c e , b e c a u s e o f n u m e r i c a l d i ff i c u l t i e s , t r a v e l l i n g s p h e r i c a l wave s o l u t i o n s ( u s i n g t h e s p h e r i c a l
Hankel functions) are not u s e f u l i n t h e n e a r -f i e l d r e g i o n , n s kp. I n t h i s r e g i o n , t h e s p h e r i c a l Bessel f u n c t i o n of t h e f i r s t k i n d m u s t b e u s e d w i t h s p h e r i c a l wave a n a l y t i c c o n t i n u a t i o n t e c h n i q u e s . R e l a t i v e t o kp, t h e f u n c t i o n f 2 ( p , n ) becomes e x t r e m e l y s m a l l f o r kp << n. Thus, i f a s o u r c e d i s t r i b u t i o n i s surrounded by an imaginary minimum-sized sphere of r a d i u s kpo then an *This paper presents the results of one phase of research carried out a t t h e J e t P r o p u l s i o n L a b o r a t o r y , C a l i f o r n i a I n s t i t u t e of Technology, under Contract No. NAS 7-100, sponsored by t h e N a t i o n a l A e r o n a u t i c s and Space Administration. a c c u r a t e r e p r e s e n t a t i o n o f f i e l d s a t a p o i n t f a rremoved from t h i s s p h e r e may b e o b t a i n e d w i t h a wave summation t r u n c a t e d a t qm = n w = a k po where 1 < a < 2 ; t y p i c a l l y a Q 1.5.
Applications to Fresnel and Near-Field Problems
An i n t e r e s t i n g and powerful technique for c a l c u l a t i o n o f n e a r -
. Agreement with scale model experimental p a t t e r n d a t a was v i r t u a l l y p e r f e c t . A p p r o x i m a t e l y 30 SWE modes a r e r e q u i r e d t o a n a l y z e t h i s p a r t icular feed system, which has
a 15" beamwidth.
The general properties and techniques for n e a r -f i e l d f a r -f i e l d s p h e r i c a l wave f i e l d v e c t o r t r a n s f o r m a t i o n s h a s b e e n p r e v i o u s l y d i s c u s s e d i n d e t a i l [ 4 ] . An example of a transformation of f a r -f i e l d p a t t e r n d a t a t o n e a r f i e l d d i s t r i b u t i o n is shown i n F i g u r e s 2 and 3. This technique i s simple, convenient, requires no knowledge of the s o u r c e d i s t r i b u t i o n and i s accomplished i n a f e w seconds of machine time on a l a r g e d i g i t a l comp u t e r . One i m p o r t a n t a p p l i c a t i o n o f t h i s f a rf i e l d t e c h n i q u e i s i n t h e c o n v e n i e n t b u t a c c u r a t e c a l c u l a t i o n o f c o r r e c t i o n f a c t o r s f o r F r e s n e lr e g i o n g a i n c a l i b r a t i o n s . T h i s method and i t s e x p e r i m e n t a l a p p l i c a t i o n h a v e b e e n d i s c u s s e d i n d e t a i l p r e v i o u s l y [ 5 ] .
An i m p o r t a n t p o i n t i s t h a t t h e SWE method of g a i n -c o r r e c t i o n f a c t o r d e t e r m i n a t i o n r e q u i r e s no knowledge of t h e a n t e n n a s o u r c e d i s t r i b u t i o n ; F i g u r e 4 shows a comparison [5] of SWE, measured and c l a s s i c a p e r t u r e f i e l d i n t e g r a t i o n method r e s u l t s .
The inverse type of transformation, from n e a r -f i e l d d a t a t o f a r -f i e l d ( o r a n y o t h e r r a d i u s ) is r e a d i l y a c h i e v e d . T h i s c o u l d b e u s e d t o c o r r e c t n e a r -f i e l d p a t t e r n d a t a and has been used [6] to t r a n s f o r m h y b r i d -m o d e h o r n a p e r t u r e d i s t r i b u t i o n s t o a c c u r a t e f a r -f i e l d r a d i a t i o n p a t t e r n s .
A 1 1 of t h e p r e v i o u s d i s c u s s i o n a p p l i e s o n l y t o t h e F r e s n e l r e g i o n ( k p > n ) , r a t h e r t h a n t h e t r u e n e a r -f i e l d r e g i o n ( k p < n ) . F o r t h e l a t t e r r e g i o n , a n a n a l y t i c c o n t i n u a t i o n method s i m i l a r t o t h a t u s e d i n i n v e r s e s c a t t e r i n g p r o b l e m s [ 7 1 must be used. Imbriale's method [71 was extended to three dimensions and, as a t e s t c a s e , was used t o c a l c u l a t e t h e f i e l d s i n t h e a p e r t u r e of a hybrid-mode horn, given only the far-field horn r a d i a t i o n p a t t e r n s . The agreement with the known a p e r t u r e f i e l d s [ 6 ] w a s everywhere within a few p e r c e n t i n a m p l i t u d e a n d a few degrees of phase. This method could be used to calculate magnetic f i e l d s n e a r t h e h o r n s u r f a c e s a n d h e n c e t h e s o u r c e c u r r e n t d i s t r i b u t i o n .
The s t e p s i n v o l v e d a r e :
(1) f a r -f i e l d r a d i a t i o n p a t t e r n d e t e r m i n at i o n ( a m p l i t u d e a n d p h a s e ) , ( 2 ) H a n k e l f a r -f i e l d SWE of ( l ) and (5) may b e r e p e a t e d t o c a l c u l a t e t h e n e a r f i e l d s anywhere. A tricky numerical problem a r i s e s i n s t e p ( 4 ) b e c a u s e of t h e s p h e r i c a l Bessel f u n c t i o n r o o t s , a n d must b e g i v e n c a r e f u l a t t e n t i o n ; no s u c h p r o b l e m e x i s t s w i t h t h e usual Hankel SWE . The h e a r t o f t h e s p h e r i c a l wave t e c h n i q u e lies i n t h e modal decomposition of ( n o i s y ) d a t a , u s u a l l y e x p e r i m e n t a l .
Numerical Considerations
The general problem of orthogonal function expansion of n o i s y d a t a i s b o t h t r i c k y a n d o n l y b r i e f l y h a n d l e d i n c l a s s i c l i t e r a t u r e . A r e c e n t i n -d e p t h s t u d y Ludwig, A. C . , "Near-field Far-field Transformations Usinn SDherical Wave Expansions".
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